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SUMMARY

Trait-model-free (or ‘allele-sharing’) approach to linkage analysis is a popular tool in genetic
mapping of complex traits, due to the absence of explicit assumptions about the underlying
mode of inheritance of the trait. The likelihood framework introduced by Kong and Cox (1997)
allows calculation of accurate p-values and LOD scores to test for linkage between a genomic
region and a trait. Their method relies on the specification of a model for the trait-dependent
segregation of marker alleles at a genomic region linked to the trait. Here we propose a new
such model that is motivated by the desire to extract as much information as possible from
extended pedigrees containing data from individuals related over several generations. However,
our model is also applicable to smaller pedigrees, and has some attractive features compared with
existing models (Kong and Cox, 1997), including the fact that it allows to incorporate information
on both affected and unaffected individuals. We illustrate the proposed model on simulated
data, and compare it’s performance with the existing approach (Kong and Cox, 1997). The
proposed approach is implemented in the program Im_ibdtests within the framework of MORGAN
2.8 (http://www.stat.washington.edu/thompson/Genepi/MORGAN /Morgan.shtml).
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1 Introduction

Trait-model-free approaches to linkage analysis attempt to test for linkage between a marker (or set
of markers) and a trait locus by examining whether meioses at the marker, in a pedigree of related
individuals, follow Mendelian segregation independent of the affectation status of individuals. They
are based on the idea that, in a region of the genome linked to a trait locus, affected relatives are
expected to share more alleles identical by descent (ibd) with other affected relatives and fewer

alleles ibd with unaffected relatives than in regions unlinked to a trait locus.

There are two broad approaches to performing this kind of test. The first is based on directly
specifying a test statistic that measures the extent to which affected relatives share alleles
ibd (Whittemore and Halpern, 1994; Kruglyak et al., 1996). The second is based on specifying
an explicit alternative model for the way that transmissions of alleles among individuals in the
pedigree depend on the affectation status of the individuals, and performing a likelihood-ratio test
against the null hypothesis that the transmission of alleles are independent of affectation status.
A key advantage of this latter approach is that it is capable of dealing rigorously with the fact
that ibd sharing is not observed directly, but must be inferred (with uncertainty) from observed
marker data. Its use in affected-sib-pair analyses was introduced by Risch (1990) ( see also Holmans
(1993)). For larger pedigrees the first methods based on likelihood ratio tests were those introduced

by Kong and Cox (1997).

In this paper we suggest a new explicit alternative model for transmission of alleles at a region
of genome in the pedigree conditional on the affectation statuses of the relatives. This model is
motivated by the idea that some founder chromosomes will carry a risk allele at the trait locus, and
that these chromosomes will appear to be transmitted more frequently to affected relatives than

unaffected relatives. In particular, the same founder chromosome may tend to appear together



with the disease through multiple generations, and our model is aimed primarily at extracting this
multi-generational information, which current models struggle to capture. However, it is applicable
to pedigrees of any size, and has some attractive features, including that it does not require the
specification of an ibd measure such as Spairs, Saii (Whittemore and Halpern, 1994; Kruglyak et al.,

1996) and allows to incorporate the data on unaffected individuals.

2 Methods

Let X denote the location in the genome of a putative trait locus. Following the notation of Kong
and Cox (1997), we use V to denote the inheritance vector (Lander and Green, 1987) at X. This
can be thought of as a binary vector, with one element for each meiosis in the pedigree, indicating
whether (at X) the parent’s maternal or paternal allele is transmitted to the offspring. Let Y
denote observed marker data (typically at markers that span a region that includes X), and ®
the observed affectation statuses for pedigree members. Note that there may be many individuals

whose affectation status and/or genotype data at markers are unknown.

Now consider testing the null hypothesis Hp (that there is no linkage between the trait and
location X) against the alternative hypothesis Hj (that there is linkage between the trait and
location X) using the marker data Y and the observed affectation statuses ®. We assume that the
distribution of Y depends on @, but only through v. That is, if Prg and Pr; denote probabilities

under the null and alternative hypotheses respectively, then Pri(Y |®,v) = Pri(Y |v) = Pro(Y |v).



The likelihood ratio in favor of H; can then be written as

Pry(Y |®)

Ppcs®)

Pry(Y,v|®)

LR

L1
(Thompson and Guo, 1991)

where E(.]Y ) denotes expectation over the conditional distribution of v given Y under Hy.

Under the null hypothesis, v and ® are independent, and assuming Mendelian inheritance
Pro(v|®) = (1/2)N, where N is the total number of meioses across all pedigrees. Under the
alternative hypothesis, suppose that v given ® has a specified parametric form, with parameter
vector 0: Pri(v|®) = F(v;®,d). Substituting these into (1) we obtain the following expression for

the generalized likelihood ratio test statistic

T

A =2log(LR) = 2suplog E 2Nf(v; (2)
3

A test of Hy can be performed by first computing (2), and then computing a p-value by comparing
the observed value with its (asymptotic) distribution under Hy. Computation of (2) can be
performed exactly for pedigrees of moderate size (Kruglyak and Lander, 1998). For larger pedigrees
it can be approximated, for example using Markov chain Monte Carlo to sample from Pr(v]|Y ) as

in Heath (1997), and using

1
A=2sup(1/M)  2Nf(w;; ®,d) (3)
5 .
I
where w1, ..., wpm are MCMC samples from Pry(V|Y ). Note that whether one performs the computation

exactly, or by MCMC, it is necessary to assume a model for founder alleles. The standard

assumptions in this setting are Hardy-Weinberg equilibrium and linkage equilibrium in the founders,



and marker allele frequencies are known (Kruglyak et al., 1996; Thompson and Heath, 1999). While
these assumptions may not hold in practice, they are almost universally assumed in this setting,
and we will make them here. We will return to the question of the asymptotic distribution of A

under Hg for our particular choice of ¥ below.

The power of this test will clearly depend on the choice of f. Kong and Cox (1997) consider two

possibilities, each with a single scalar parameter 6:

 —
fw;®,0) = (/2N (1+8viZi(w, P)) (4)
i=1
and
1 1
f(0;0,0) = (1/2)N exp(d  ViZi(w, ®))/Eglexp(  ViZi(w, ®))] (5)

where yj is a weighting factor for pedigree i whose value depends on the pedigree structure, and
1 )

Zi = [Si — E(Si)]/ (Var(Sj)), where Sj is a statistic (evaluated for pedigree i) chosen so that

large values of Sj are evidence for linkage. To give just a simple example, Sj could be the total

number of alleles shared ibd by every pair of affected relatives in pedigree i. The power of these

models to detect linkage depends on choice of the ibd-sharing statistic Z;j and the weighting factors

Vi. Different choices perform better under different trait models (McPeek, 1999).

Here we suggest a new possible choice of , which has two parameters: & = (Ag,Ay). We begin

by describing how to simulate from the distribution F(0;Aa, Ay):

1. Label the maternal and paternal allele in each founder with a 1 or 0, independently for each
allele in each founder. Assume each founder allele has equal chance (probability .5) of having

label 1 or 0.

2. Start at the top of the pedigree (i.e. with the founders), and use the assigned labels, together

with the affectation status of individuals in the pedigree to simulate meioses from parent to



offspring down to the bottom of the pedigree according to the following rules:

e if the paternal and maternal alleles of the parent have the same label (i.e. both 0 or
both 1), or if the affectation status of the offspring is unknown, transmit the paternal

and maternal alleles with equal probability (0.5).

e if the paternal and maternal alleles of the parent have different labels (i.e. one labeled
0, the other labeled 1), and the offspring is alected, transmit the allele labeled 1 with

probability Aa, and the allele labeled 0 with probability 1 — A,.

e if the paternal and maternal alleles of the parent have different labels, and the offspring
is unalecked, transmit the allele labeled 1 with probability Ay, and the allele labeled 0

with probability 1 — Ay.

Note that as an allele is transmitted down through the pedigree it takes its label with it. So that,
for example, if a father passes an allele labeled 1 to his offspring then the paternal allele of the

offspring is then labeled 1.

The intuition here is that alleles labeled 1 are non-beneficial allele, and thus more likely to have
been transmitted to affected offspring, while alleles labeled 0 are beneficial alleles, and more likely
to have been transmitted to unaffected offspring. For this reason we impose the constraints Ay = 0.5
and Ay < 0.5. This particular choice of ¥ thus models the preferential transmission of the non-
beneficial allele to an affected and the beneficial allele to an unaffected offspring from a parent. We

will refer to this approach as Preferential Transmission Model (PTM) later in the text.

The above describes how to simulate from f. However, to compute (2) we need to be able to
compute T for any given value of 0. This requires a sum over all possible allocations, A, of labels

(0 and 1) to founder maternal and paternal alleles. This sum A for pedigree i contains 22fi terms,



where Tj is the total number of founders in pedigree i. A naive computation of the sum A would
be cumbersome for pedigrees with a large number of founders (and impractical for sufficiently large
numbers of founders). However, it can be computed or estimated under the null hypothesis (Lander

and Green, 1987; Thompson and Heath, 1999; Sobel and Lange, 1996).

Testing the null hypothesis of no linkage between the trait and location X will be equivalent to test,
H(? : Aa = Ay = 0.5 under our model. The null hypothesis HE will test if the segregation of founder
alleles at X is Mendelian. The asymptotic distribution of the likelihood-ratio statistic (equation 2)
under Hg] is a mixture of chi-square paX3 + P1X3 + PoX3 (see equation 7 in Appendix). When the
marker data is completely informative about v (complete data case), each of the mixing proportions
p2 and po reduces to % (see Lemma 6.2 in Appendix). One can estimate the information matrix in
equation 7 by simulating a single dataset under no linkage keeping the pedigree structures, marker
data availability on the individuals, genetic map of the markers and marker allele frequencies the
same as in the observed dataset. The mixing proportions for the mixture of chi-square distribution
can then be computed from the estimated information matrix. One can also do an exact test with
he likelihood-ratio statistic (equation 2) by permuting the affectation statuses of siblings within
each sibship as in Basu et al. (2008). One can also perform an affected-only analysis under PTM
by setting the parameter Ay = .5 and compare the findings between the affected-only analysis and

the affected-unaffected combined analysis under PTM.

The Likelihood ratio test under PTM is implemented in the MORGAN program Im_ibdtests
released in MORGAN version 2.8. The current version of our likelihood-based approach allows
to estimate the information matrix and provides an estimate of p specified in equation 7 of the
Appendix , which can then be used to compute the p-value of the observed likelihood-ratio statistic

under the mixture of chi-square distribution. For every marker location, the program Im_ibdtests



finally returns a p-value for linkage using the asymptotic mixture of chi-square distribution.

3 Results

3.1 Simulation Study

We considered 100 pedigrees each of size 6 for our simulation study. Each pedigree was a nuclear
family with four offspring. We considered a di-allelic marker with allele frequencies (.5,.5) for the
simulation study. We assumed that the parents are unobserved for the trait and the marker data
and the offspring are observed for both the marker and the trait data. Two offspring were affected

and two were unaffected by the trait.

The program ‘markerdrop’in MORGAN (http://www.stat.washington.edu/ thompson/Genepi/
pangaea.shtml ) was used for simulating marker data. Then the program ‘Im_ibdtests’ in the
MORGAN software was used to compute the likelihood-ratio statistic under PTM. The program
Merlin (Abecasis et al., 2002) was used to perform the LR test under the one parameter allele-
sharing model (Kong and Cox, 1997) . We used the ibd measure Spajrs (Whittemore and Halpern,
1994) in Merlin for our performance study in order to compare the performance of an affected
-unaffected combined linkage analysis approach with an affected-only analysis for various trait
models.

[Figure 1 about here]

We first simulated marker data under the null hypothesis of no linkage between the trait and the
marker. We simulated 5000 marker dataset under the null hypothesis and calculated the statistic
A (equation 2) for each dataset. Figure 1 shows the empirical cdf of the A. We also estimated p

(equation 7 in Appendix) from each dataset. The average p was .313 with a standard deviation



of .018. We used the average p tn calculate py and py in equation 7. The cdf of the mixture of
chi-square with the mixing proportions as stated in equation 7 is also plotted in Figure 1. A KS
test between the the empirical cdf of the A and the cdf of the mixture of chi-square (Figure 1)
resulted in a p-value of .54.

[Table 1 about here]

We next compared the performance of PTM with the existing one parameter allele-sharing
model (Kong and Cox, 1997). The trait locus was considered di-allelic with alleles D and d and
corresponding allele frequencies .2 and .8 respectively. We considered 6 different trait models
(Table 1) for this comparison study. The trait models were chosen to allow considerable amount of
genetic heterogeneity in the data. Marker datasets were simulated at a location completely linked
to the trait locus. We simulated 1000 marker datasets under each trait model. For each simulated
marker data, we ran Merlin and recorded the LR-statistic for linkage under the one parameter
allele-sharing model (Kong and Cox, 1997). On the same marker dataset, we ran Im_ibdtests to
get the LR statistic under PTM. For each approach, the power for linkage detection was computed
by calculating the proportion of LR statistics less than or equal to the 99th percentile of the
distribution of the LR statistic under the null hypothesis. We have already shown in Figure 1
that the empirical quantiles for the LR statistic under PTM were very close to the quantiles of the
mixture of chi-square distribution.

[Figure 2 about here]

Table 1 shows the performance of the two approaches under 6 different trait models. The six trait
models were chosen to reflect genetic heterogeneity in the trait data. The trait models were selected
in such a way that a certain percentage of the affected people will carry the non-disease allele d,

and a certain percent of unaffected people will carry the disease allele D. The dominant, additive
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and recessive modes of inheritance of the trait were considered by choosing these 6 different trait
models. Under the dominant mode of inheritance (Model 1 and Model 4), the PTM had maximum
power. Since the genetic heterogeneity was higher in Model 4 compared to Model 1, the PTM had
lower power in Model 4 (Table 1). The power loss was substantial for Spajrs from Model 1 to Model
4. For the recessive mode of inheritance (Model 3 and Model 5), the power loss was substantial for

both of these two approaches, but the power was higher for PTM as compared to Spairs.

We also simulated 1000 marker datasets recombination fraction 0, 0.05, 0.1 for Model 4, 5 and 6
of Table 1. The p-values are shown in (Figure 2). The power for PTM was maximum for Model 4,
followed by Model 5 and then by Model 6. For all three Trait models, the PTM had substantially
higher power to detect linkage at each recombination fraction, as compared to one parameter
allele-sharing model with the ibd measure Spajrs. In this simulation study, we decided to use the ibd
measure Spajrs in order to demonstrate that the incorporation of unaffected individuals in a model in
a sensible way can have substantial advantage over the affected-only analysis. As mentioned earlier,

one can also perform an affected-only analysis under PTM by setting the parameter Ay = .5.

4 Discussion

The new likelihood-based approach models the trait dependent segregation of marker alleles due to
linkage. It not only considers the excess ibd sharing among affected individuals due to linkage. It
also takes into account the lack of sharing between affected and unaffected individuals. Moreover,
the estimation of the parameters are carried out jointly using the data on multiple pedigrees.
Hence, this model efficiently combines the data on multiple pedigree to infer linkage. This two
parameter model also avoids the use of any ibd measure. For all the trait models considered in this

paper, the proposed approach performed better than the affected-only analysis using the existing
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one parameter allelle-sharing model Kong and Cox (1997).

One can add another parameter p as the probability of a founder allele to be a non-beneficial
allele and estimate p from the available data. One issue of having p in the model is that the
non-identifiability of p under the null hypothesis complicates the asymptotic distribution of the
likelihood-ratio statistic. Moreover the information for p comes from the data on founders. Since
in most situations, the data on founders are missing, this additional parameter does not have much
influence the likelihood. In case the data has information on founders, maximizing p using the data
will probably be more informative than fixing p at 0.5. We investigated the power of such a model
under few pedigree structures and marker data availability, but did not find any substantial gain

in power by adding this third parameter.

The model has similarities with the gamete competition models of Sinsheimer et al. (2000), where
alleles in a parent are considered to compete with one another for transmission to offspring. Their
model is aimed towards detecting association of alleles with a trait, and so the probability that an
allele is transmitted depends on its allelic state. In contrast, our model is aimed towards detecting
linkage, and so the transmission probability depends on which founder allele it is descended from.
Just as Sinsheimer et al. (2000) have a different parameter for each allele, one could imagine
having a different parameter for each founder allele in our approach. However, this would create
a large number of parameters, which would have a negative impact on precision of estimates, and
potentially on power. Conversely one could imagine adapting our approach (with just two risk
classes, and a parameter p indicating the proportion of alleles in each risk class) to the association

context, and it might be interesting to compare this with Sinsheimer et al. (2000)s approach.
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6 Appendix

The root-N consistency of the maximum likelihood estimator § of & = (Aa, Ay) for the constrained
parameter space space of Q = {Ay [5,1],A, [D,.5]} follows from Theorem 1 of Self and
Liang (1987). Following the same notation of Self and Liang (1987), we denote [.5,1]>% [0,.5]
by Q, and Qy = & = (.5,.5). If Z:\/ﬁ((f\a —.5),(.5b — Xu)), then under the null hypothesis
Z = (Zy,Z) CNL(0,171(8), 1(8p) is the information matrix. The true parameter belongs to the

border of the .

The asymptotic distribution of the likelihood-ratio statistic A then follows from the Case 7 of

Section 3 in Self and Liang (1987). For t > 0,

Fa(t) = Pr[Z2T1(30)Z <t]
= Pr[ZTPTA%A%PZ <t], where 1(8y) =PTAP (Spectral Decomposition of 1(3y))
= Pr[Z'Z <t], whereZ = AzPZ
= Pr[(Z7+2Z3) <t
= PiPTA2Z, >0,PTAZZ, > 0] Pr[(Z2+Z22) <t] + Pr[PTAZZ, >0,Z, < 0] Pr[(Z2 < T
+ PrPTA2Z,>0,Z; <0 Pr[(Z2<t]+Pr[Z; <0,Z, < 0] x 1,
(see Figure 1 of Self and Liang (1987))

1
— PrPTA2Z,>0,PTA2Z,> 0] Pr[}2<t] + 5 PriXi <14+ Pr(Zi <0,Zy <0 x 1
= ] ) = ]

= o cos~H(p) Pr[x3 <t]+ 3 Prixi <t] + o T cos~l(p), forp<

. (6)

N | —

15



Thus under the null hypothesis,

A = 2log(LR) gk + pixE + p2x,

where,
1 1 1
= = as(p)
P2 o )
1 1 1
o= o m—cos()
1
p1 = 1—D2—D0=§, and
|
p = N (7)
li1 I

where 1(dy) = (111, l12, l21, 122) is the information matrix of As and Ay computed at 0.

Incomplete Data Case

If L(3) denotes Prq[Y |®], where Y is the observed marker data that do not provide complete

information on segregation of alleles (V) at location X, then for j=1,2,3

I alog(L(é))Q
e
o 0L(5)§
~ L) 05 &
1 9 LE— Eﬁ
= Pri[v|®] Pr[Y |V]
PI‘() 06_' O
o ?‘% v|c1> Q%
]
Kl

g|n|m



Lemma 6.1 Under the null hypothesis Hg,

1
E |12(60) < oo, (9)
Proof
- ]
i, B 0 log(L(8)
E( |12(50)) - E a)\aa)\u
— % [ T — 1
! 'EI‘E aL(a)EaL(a)E g L 62L(6))E
1 m e T - 1
g Olog(L(@))HologL@)H _, 1 0°L())
oA O on, O L(3)) 0Aa0A,
- % S % e
L Olog(L@) HalosL@)H 1 0> R qu)ﬁ =
0Aa % OAi & L(3y) 0Aa0Ay i u
] o mlim - - |
L Qlog(L@) HolosL@) g _ 1 & R qu)g'ﬁ =
Oha [ oA, O L(8) 00y i C
] [ ] %
-
_ g dlog(L(d)) g alog(L®)) g 1 92 oN N G 5 (qu))%
- N O or O L(3)0rdr, -~ 2 i
I:I 6 6 Iﬁl \Y 50
w g g oPriel HH Sk wie B
22N |
67\a 3o a)\u do
= K<oo (10)
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Lemma 6.2 For complete data case, E(—l12(3y)) = 0.

Proof For the complete data case, the equation reduces to

]
. N %nv@ Qc%rl v]®] @'ﬁ@
B(=he(®)) = 270 B B —F=—=0] Ay B
o o U Eﬁlﬁ
= 22N E — EPr|v|9] EP[v|®]
I:| a)\a 0 u 60
—J |:| =
2N g HI 11 [V]|®] E@ 0 I Pr [v|<1>]E§
B a)\a 2 20N, 2 ! %
\Y
]
a(1)a(1)
- 0Aa OA,
=0 (11)
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Figure 1: Figure shows the empirical distribution of the 2log(LR) test statistic (equation 2) for
PTM under the null hypothesis. The solid line shows the cumulative distribution function of the
mixture of chi-square 0.20X3 + 0.50%3 + O.30X%. The proportions are computed using equation 7 in
Appendix. The dashed line shows the empirical cumulative distribution function of the 2log(LR)

statistic.
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Table 1: Power of different approaches 6 different trait models with varying penetrances of the
trait genotypes. The allele frequencies for the alleles D and d at the trait locus were .2 and .8
respectively. Data were simulated at a marker completely linked to the trait. For each trait model,

the power corresponding to a type-I error of 0.01 are listed.

Model | Penetrance | power (PTM) | power (3 model)
1| (.05,95,.95) 1.0 911
2 (.05,.50,.95) .593 461
3 (.05,.05,.95) .996 .963
4 | (.15,.85,.95) 836 322
5 (.15,.65,.99) .350 180
6 | (.15,.15,.99) 209 110
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Figure 2: Figure shows the power for linkage detection of the likelihood-ratio test under PTM and
Kong and Cox (1997)’s one parameter allele-sharing model for (a) Model 4, (b) Model 5, and (c)
Model 6. The solid line in each graph shows the power to detect linkage at recombination fractions
0, .05, .1 under PTM and the dashed line in each graph shows the power at different recombination

fractions under Kong and Cox (1997)’s model with Spairs as the ibd measure.
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